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Abstract
Recently, the generalized conjugacy problem(GCP) in braid groups was introduced as a can-
didate for cryptographic one-way function. A GCP in a braid group can be transformed into a
GCP in a general linear group by the Burau representation. We study the latter problem induced
in this way.
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1. Introduction
For each integer n¿ 2, the n-braid group Bn is de8ned by the following group
presentation:
Bn =
〈
1; : : : ; n−1
∣∣∣∣∣
ij = ji; |i − j|¿ 2
ii+1i = i+1ii+1; i = 1; : : : ; n− 2
〉
:
The integer n is called the braid index and each element of Bn is called an n-braid.
For m6 n, Bm can be regarded as a subgroup of Bn generated by the 8rst (m − 1)
generators 1; : : : ; m−1. Two n-braids 	 and 
 are said to be m-conjugate if there
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is an element ∈Bm such that 
 = −1	. If m = n, we simply say that they
are conjugate.
As a cryptographically promising intractable problem, Anshel et al. [1] introduced
the conjugacy problem in braid groups: given two conjugate n-braids 	 and 
, 8nd
 such that 
 = −1	. No polynomial time algorithm for this problem is known for
n¿ 5. Recently, as a base problem of a new public-key cryptosystem, Ko et al. [3]
proposed a variant of this problem, named the generalized conjugacy problem (GCP),
which is de8ned as follows:
Instance: given m(6 n) and two m-conjugate n-braids 	 and 
.
Objective: 8nd ∈Bm such that 
 = −1	.
Our aim is to look into this problem in another group G satisfying the following prop-
erties so that it may give some information about the GCP in Bn: (i) G is closely
related to Bn, and (ii) the GCP is easier to solve in G than in Bn. Representations of
braid groups seem to provide such a group G. Especially, lots of researches have been
done into the Burau representation [2]. The Burau representation  : Bn → GLn(Z[t±1])
is de8ned by
(i) =


Ii−1 0 0
0
1− t 1
t 0
0
0 0 In−i−1


;
where GLn(Z[t±1]) denotes the general linear group which is the set of all (n ×
n)-invertible matrices over Z[t±1], and Ik is the (k × k)-identity matrix. By this repre-
sentation, we study the GCP in GLn(Z[t±1]) for n= 2m.
2. The GCP and the Burau representation
If 
 = −1	 (	; 
∈Bn; ∈Bm), then ()(
) = (	)() in GLn(Z[t±1]). Let
(	) =

 A2 A1
A3 A4

 ; (
) =

 B2 B1
B3 B4

 ; () =

 X 0
0 Im

 ;
where the submatrices are in Matm(Z[t±1]). Matm(Z[t±1]) stands for the set of all
(m × m)-matrices over Z[t±1]. The matrix equation ()(
) = (	)() yields the
following four equations:
e1 : XB1 = A1; e2 : XB2 = A2X;
e3 : B3 = A3X; e4 : B4 = A4:
From the fact that X ∈GLm(Z[t±1]), the above equations tell us that for any ∈Bm,
(i) det(Ai) = det(Bi) up to units in Z[t±1] for i = 1; 3, (ii) det(A2) = det(B2), and
(iii) A4 = B4. If 	 and 
 are not m-conjugate, then they generally do not satisfy these
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Table 1
Ratio of 	’s such that either A1|t=t0 or A3|t=t0 is non-singular (unit: %)
n= 2m 6 8 10 12
wlen(	) 30 50 70 60 90 130 100 150 200 200 250 300
r 50 93 100 42 89.3 100 32 90.3 100 75.7 97.3 100
properties. This observation gives an immediate method for distinguishing (	; −1	)
from (	; 
) or from (	; −1	) for 	; 
; ∈r Bn and ∈r Bm.
Next we consider two equations e1 and e3. If A1 (resp. A3) is non-singular, then
so is B1 (resp. B3) because X is invertible. In this case, X is determined uniquely.
If 	 is very simple (e.g., 	 = ki ), both A1 and A3 are usually singular. Whenever the
conjugacy problem in Bn is said to be hard, 	 is assumed to be suMciently complicated.
The relation of the complexity of a braid to its word length is not yet clearly known,
however, it is widely believed that complicated braids generally have long word lengths.
Here, the word length of 	, denoted by wlen(	), means the smallest length among those
of the sequences of generators describing 	.
Table 1 shows our experimental results on the ratio of 	’s in Bn for which either A1
or A3 is non-singular, where A= (	). On input (m; l; t0), our Maple program chooses
at random 300 2m-braid 	’s with word length l, checks the singularities of A1|t=t0
and A3|t=t0 , and then outputs the ratio, r, of 	’s for which at least one of them is
non-singular. Here, A1|t=t0 (resp. A3|t=t0 ) denotes A1 (resp. A3) evaluated at t= t0. For
several constants t0’s (e.g., i;
√
2; 7, etc.), our experiment gave the similar results. Note
that for every M ∈Matm(Z[t±1]), det(M |t=t0 ) = 0 implies det(M) = 0. So the ratio
of 	’s for which either A1 or A3 is non-singular is at least r. From Table 1, we can
see that if the word length of 	 is long enough relative to its braid index, then its
induced submatrix A1 or A3 is non-singular with a very high probability. For the GCP
in GLn(Z[t±1]) induced by such an 	, solving simultaneously one conjugacy equation
and two linear equations in Matm(Z[t±1])—see e1, e2, e3—can be reduced to solving
a linear equation in Matm(Z[t±1]) which has a unique solution.
During this experiment, we have observed an interesting phenomenon that the sin-
gularities of A1|t=t0 and A3|t=t0 were always the same. Considering that it is not a
general property of GLn(Z[t±1]), it seems the characteristic of (Bn) in GLn(Z[t±1]).
We close this article with the following results:
• If 	 and 
 are m-conjugate, then (i) det(Ai) = det(Bi) up to units in Z[t±1] for
i=1; 3, (ii) det(A2) = det(B2), and (iii) A4 =B4. These are necessary conditions for
(	; 
)∈Bn × Bn to be m-conjugate.
• If the word length of 	∈Bn is long enough relative to n, either A1 or A3 induced
by 	 is non-singular with a very high probability.
• For 	∈Bn with non-singular submatrix A1 or A3, solving the GCP in GLn(Z[t±1])
induced by such 	 can be reduced to solving a linear equation in Matm(Z[t±1])
which has a unique solution.
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